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Let K he a field of characteristic different from 2 and let (M, q) be a pair consisting of a 
finite dimension X-vector space M, endowed with a non-degenerate quadratic form q. Let 
L/K he a finite Galois extension with G = Gal{L/K). Any orthogonal representation, defined 
by a group homomorphism p : G — t- 0{q), gives rise to a 1-cocycle in the Galois cohomology 
set H^{K, 0{q)). Since this set classifies the isometry classes of quadratic forms with the same 
rank as q, one can attach to (p, L) a new quadratic form which we shall call the twist of q 
by {p,L). Following a result of Serre on the trace form of finite separable extensions in [Sel], 
Frohlich initiated a series of papers dedicated to the study of such twists. In [F] he showed 
that the twist of the form is not just provided by the abstract definition described above, 
but can also be described by a simple explicit formula. Moreover, he obtained some beautiful 
comparison formulas between the Hasse-Witt invariants of the form and its twists, involving 
the Stiefel- Whitney class and the spinor norm class of p. 

The work of Frohlich and Serre has been generalized in various ways, either by providing 
comparison formulas between the invariants attached to different kind of representations or 
interesting quadratic forms as in [Sal] and [Sa2] or by considering the case of higher dimensions 
([CNETl], [CNET2], [EKV], and [K]). One can develop a theory of symmetric bundles over a 
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scheme of arbitrary dimension [Kne], which are equivariant for the action of a group scheme. 

A notion of the twist of a form can be defined in this framework; we now describe this 
construction. We fix a scheme Y locally of finite type, in which 2 is invertible and a finite 
and flat group scheme G over Y. We consider a symmetric bundle (M, q) over Y which is 
the underlying bundle of an orthogonal representation of G, given by a morpliism of group 
schemes p : G ^ 0{q). Following Milne, [M], III, Section 4, one can associate to any group 
scheme H over Y a cohomological set H^{Y,H). The set H^{Y,0{q)) is seen to classify the 
isometry classes of symmetric bundles over Y of the same rank as q. Using the description 
of the cohomological set in terms of classes of cocycles, it is easily verified that p induces a 
natural map 

p,:H\Y,G)^H\Y,0{q)) . 

There is a canonical bijcction between the isomorphism classes of G-torsors over Y and the set 
H^{Y, G), [M], III, Theorem 4.3 and Proposition 4.6. Therefore any G-torsor X defines via p* 
a class in H^{Y, 0(9)) and thus a symmetric bundle, which is unique up to isometry. We shall 
call this new symmetric bundle the twist of {M,q) by {p,X). One should observe that this 
definition coincides with Frohlich's definition when considering Y = Spec(i^), X = Spec(L) 
as the torsor and G as the constant group scheme associated with the Galois group Gal(L/ K). 

Our aim is to generalize Frohlich's work in this geometric framework. This then leads us to 
two different questions: first to provide an explicit description of the twist; and then secondly 
to obtain comparison formulas between the invariants of the form and the invariants of its 
twists. The process of twisting an equivariant symmetric bundle by an orthogonal represen- 
tation provides us with a way to generate new symmetric bundles. It is indeed important to 
be able to identify these new bundles and to compare their invariants with the invariants of 
the initial form and the representation. In this paper we consider the first question: namely, 
to give an explicit formula for a twist, which leads itself to detailed calculations. This is a 
matter that we treated previously in [CNETl] and [CNET2] for constant groups schemes. 
In these papers, because G was a constant group scheme, it was possible to generalize Froh- 
lich's construction in a relatively straightforward manner. Here though we wish to deal with 
equivariant symmetric bundles for the action of an arbitrary finite and flat group scheme; we 
are therefore obliged to modify substantially our previous constructions in order to take into 
account the fact that the group scheme G is no longer etale with the result that the torsors 
will admit ramification. This then is a crucial and major difference with the previous constant 
case. 

In this paper we consider the affine situation for equivariant bundles for non-constant group 
schemes. The general case will then follow by patching together the affine constructions. The 
natural framework for this article is essentially algebraic: our tools derive from the theory of 
Hopf algebras and principal homogeneous spaces, with the module of integrals of a Hopf order 
playing an exceptionally important role. To avoid any risk of confusion, we have adhered, 
where possible, to the geometric language used previously in [CNETl] and [CNET2]. 

The first problem that we encounter in the geometric context, when seeking comparison 
formulas, derives from the definitions of the various cohomological invariants that we wish 
to attach to our forms and representations. Jardine in [Jl], [J2], [J3] and later, Esnault, 
Kahn and Viehweg in [EKV] and [K] have considered this question. In our forthcoming paper 
[CCMT] we will revisit their work with the language of topos. We believe that this approach 
casts important new light on the subject and will provide us with new and extremely efficient 
tools for the further generalizations that we have in mind (where we wish to consider tame 
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actions instead of torsors). The equivalence of categories between torsors and morphisms of 

topos, as described by Grothcndieck in [SGA4], IV, Section 5, will play a key role in this 
coming paper. The constructions of this paper illustrate this fundamental point in the affine 
situation. 

We conclude this introduction by describing the contents and structure of the paper. In 
Section 2, after some elementary algebraic results on Hopf algebras, wc describe how to attach 
to any equivariant symmetric bundle a further symmetric bundle obtained by taking fixed 
points. This construction is crucial for the rest of the paper. It leads us to define (see 
Definition 3 of Section 3) the algebraic twist of (M, q) by (p, X). In Theorem 4.1 of Section 4, 
we verify that this form indeed coincides with the twist of the form introduced previously. In 
Section 5 we use our methods to study examples of orthogonal representations of non-constant 
group schemes and the construction of twists. 

2. Symmetric bundles and fixed points 

The goal of this section is to describe how we can associate to any symmetric bundle, 
equivariant under the action of a finite and fiat Hopf algebra, a new symmetric bundle by 
taking fixed points. Prior to describing this procedure in Subsection 2.2, Proposition 2.9, in 
the first subsection we have assembled the main notation of the paper together with some 
elementary algebraic results on Hopf algebras that we will use later on. 

2.1. Algebraic preliminaries. Let i? be a commutative noetherian integral domain in which 
2 is invertible, with field of fractions K. We consider a finite, locally free i?-Hopf algebra A 
and we denote by the dual algebra. We set Ak = A 'S>r K, A^ = A^ (g)^ K and we 
identify A^ with the dual of Ak- We let A, e and S (resp. A^, and S^) be respectively 
the comultiplication, the counit and the antipode of A (resp. A^). We assume that S'^ = Ia, 
which implies that (S^)^ = I^d. This last condition is fulfilled when A is commutative or 
cocommutative [C], Proposition 1.11. A right A-comodule M is a finitely generated, locally 
free i?-module, endowed with a structure map 

aM ■ M ^ M ®rA 
m ^ m(o) <8) • 

(m) 

Define the i?-linear map 

il^M •■ A^ M ^ M 
g®m^^<g, m(i) > m(o) • 

m 

One can prove that ipM defines a left A^-module structure on M. Moreover, by Proposition 
1.3 in [CEPT], the association (M, q;m) iM,ipM) gives a bijective correspondence between 
the A-comodulc and the A^-module structures on a i?-module M. For any ^-comodule M 
we define the i2-sub-module 

= {me M \ aM{m) = m (g) 1} . 
Lemma 2.1. For any A-comodule M, then 

= {me M \ gm = g{lA)m ^g e A^} . 
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Proof. Let M' denote the right hand side of the equahty. The inclusion C M' is immedi- 
ate. We now use the fact that the map 

(P-.A^rA^^ EomR{A, A), 

with ip{h /))(a) =< /, a > /i is an isomorphism. Therefore there exist elements {hi, 
of A and {/i, /n} of A^ such that 

l<i<n 

This implies that h = X^i<j<„ < fi, h > hi for any h € A. It now follows from the definitions 
that, for any m G M, we have: 

aM{m) = ^ mo (8 m(i) = ^ m(o) (8) < /i, m(i) > hi) 

(m) (m) ? 

= ^ (< fi, m(i) > m(o)) (8) /ij = ^ fim (g) /i^ . 

i,(m) i 

In particular, for any m G M', we obtain that 

OiM{m) = ^ /jm (g) /ij = ^ e^{fi)m ®hi = m®^^ £^{fi)hi = m®\A ■ 

i i i 

Hence we have proved that M' C M^. □ 

Since any Hopf algebra is a left module over itself via the multiplication map, it also has a 
right comodule structure on its dual. Therefore it follows from the lemma that we may define 
the left integrals of A and A^ by the following equalities: 

I{A) = A^° = {x^ A \ax = e(a)x,Va G A), 



7(^^) = (A^)^ = {/ G \ uf = e^{u)f = u{l)f,yu G A^} . 

We note that I{A) is not only an i?-submodulc of A but also a two-sided yl-idcal. In a similar 
way we may define the module of right integrals. A Hopf algebra is called unimodular if the 
modules of left and right integrals coincide. A Hopf algebra is also endowed with a right 
comodule structure induced by its comultiplication. Therefore it becomes a left module over 
the dual algebra as explained previously. The description of a finite Hopf i?-algebra as a 
module over its dual holds in general. A theorem of Larson and Sweedler ( see [Sw] , Theorem 
5.1.3) states that for any finite Hopf i?-algebra the action of A^ on A induces an isomorphism 

A^A^®R I{A) . 

This theorem implies that I{A) and I{A^) are rank one projective J?-modules, [C], Corollary 
3.4. In the particular case where I{A) is a free i?-module with ^ as a basis, then ^ is a free 
A^-module on the left integral 0. This is always the case when is a principal ideal domain. 

Lemma 2.2. The following properties are equivalent: 
i) The module of left integrals of A is a free rank one R-module. 
a) The module of left integrals of A^ is a free rank one R-module. 
Hi) There exists 9 e A and 9^ G A^ such that 9^9 = 1a- 
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Proof. We show that i) imphes ii). The rest of the proof is left to the reader. Let be a 
basis of / = I (A). Since yl is a free ^^-module on there exists a unique 9^ in such that 
1a = 0^9. For any u of A we have the equaUties: 

{u0^)9 = u{0^0) = uIa = e^{v)lA = {e^{u)0^)0 . 

This imphes that u9^ = e^{u)9^ and hence that 9^ is a left integral of A^ . Let « be a non- 
zero left integral of A^ . Since A^ is a projective i?-module, it follows that is contained 
in = I(A^), which is a ET- vector space of dimension one. Therefore there exist non-zero 
elements m and n of R such that mu = n9^. We set t = u9. This is an element of A. We 
observe that 

mt = {mu)9 = n{0^0) = n . 
It follows that n = m£{t), and so m divides n in R, and u is a multiple of 0^. We conclude 
that 0^ is a free generator of I{A^). □ 

Lemma 2.3. The following properties are equivalent: 

i) There exists A G {±1} and a non-zero element a of I {A) such that 

S{a) = Xa . 

ii) There exists A G {±1} such that 

S{x) = Xx, Vx e I{A) . 

Hi) A is unimodular. 

Moreover if Ak is separable, then S{x) = x, Vx G I{A). 

Proof. The equivalence between i) and ii) follows from the fact that I{Ak) is a ii'- vector 
space of dimension 1. Let I'{A) be the set of right integrals of A. For any element u E A and 
X G liA) we know that ux = e{u)x. This implies that S{ux) = S(x)S{u) = e{u)S(x). Since 
S is bijective we deduce that 

I'{A) = {S{x), X G I{A)} . 

Therefore ii) implies Hi). We now assume Hi). Let a be a non-zero element of I (A). Since 
a and S{a) both belong to I{A) and since I(Ak) is of dimension one there exists X £ K 
such that S{a) = Xa. Using that = I we deduce that A G {±1} which proves i). Finally 
suppose that Ak is semi-simple. Our aim is to prove that S{x) = x for any x G I (A). Since 
I{A) C I{A) K = I{Ak) it suffices to prove that S{x) = x for any x in I{Ak). It follows 
from [Sw], Theorem 5.L8, that Ak = I{Ak) ©Ker(e) as a direct sum of ylx-idcals. Let x be 
a non-zero element of I{Ak)- Then S{x) can be decomposed as a sum rx + y with r £ K and 
y G Ker(£:). Since £ o S = e we deduce that r = 1. Therefore S{x)x = x'^ + yx. We observe 
that yx G I{A) fl Ker(e). Thus yx = and S{x)x = £{x)x = £{x)S{x). We conclude that 
X = S{x) as required. □ 

Definition 1 A Hopf algebra satisfies hypotheses Hi when it is unimodular, when its module 
of integrals is a free R-module and when the restriction of S to the module of integrals is the 
identity map. 

Remsirk When K is of characteristic and Ak is commutative, it follows from a theorem 

of Carticr that Ak is separable. Hence in this case we deduce from Lemma 2.3 that Ak and 
therefore A is unimodular and that S{x) = x for any x G I (A). Therefore any finite, commu- 
tative and locally free i?-Hopf algebra, where i? is a principal ideal domain of characteristic 
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0, satisfies Hi. Nevertheless it is easy to construct Hopf algebras which are not separable but 
which satisfy Hi. It suffices for instance to consider A = k\r] where A; is a field of charac- 
teristic p and r a finite group of order divisible by p, endowed with its usual Hopf algebra 
structure. We know from Maschke's Theorem that A is not separable. However, we may easily 
check that I (A) = koj where oj = Y^^^y^- Since S{oj) = lj we deduce that A satisfies Hi. 
When Ak is not separable, I{Ak) is contained in Ker(£:) and thus /(^fc)^ = I{A)'^ = {0}. 

Lemma 2.4. Assume that A is commutative, I{A) is free over R and Ak is separable. Then 
A and A^ both satisfy Hi. 

Proof. It follows immediately from Lemma 2.3 that A satisfies Hi and thus, from Lemma 
2.2, that I{A^) is R-bee. Since Ak is separable there exists a finite extension K'/K such 
that Ak' = Ak 'Sik K' is the algebra Map(r, K'), where F is a finite group, endowed with its 
natural structure of Hopf algebra. Since K' is flat over R and A^ is finitely generated, the 
map 

aK' : A^ K' ~ A^, 
f®\^f\ 

is an isomorphism of X'-vector spaces. We may easily check that it respects the algebra and 
coalgebra structure of both sides. Thus we may identify the Hopf algebras A^ ®r K' and 
K'\r\ and therefore /(A^) with I{K'\r]) n A^ . The unimodularity of A^ follows from the 
unimodularity of i^'[r]. We now want to prove that the restriction of to I{A^) is the 
identity map. Let O'^ e A^ and 6 e A such that 6^0 = 1a- Let A(6') = Y^9{o) ^ We 
deduce from the definitions that 

eie^'e) = 1r = ^s{eo) < ^^,^(1) >=< e'',e> 

and 

e{s^{e^)e)=<e^,s{e)>=<e^,e> . 

Because A^ is unimodular we know by Lemma 2.3 that S^{9^) is either 9^ or —9^. Since the 
characteristic of K is different from 2 we deduce from the previous equalities that S^{9^) = 
9^. We have proved, as required, that A^ satisfies Hi. □ 

Let M be an A-comodule and let Ma be the largest quotient of M on which A^ acts 
trivially, so that Ma = M/ker{£^)M. 

Lemma 2.5. Suppose that A^ satisfies Hi and that 9^ denotes an R-basis of I{A^). Let M 
be a projective A^ -module. Then 

i) M^ = 9^M, 

ii) M^ is a locally free R-module, 

iii) The map m i-)- 9^m induces an isomorphism of R-modules from Ma onto M^. 

Proof. We first observe that we can reduce to the case where M is A^-fiee and so is a direct 
sum of copies of A^. Therefore, in order to prove the lemma, we may assume that M = A^ . 
In this case it follows from the very definition of the set of integrals that M^ = (A^)^ = 
I{A^) = 9^A^ = 9^R which proves i) and ii) of the lemma. Moreover, for g G A^, the 
cqTiality 6^g = is equivalent to 9^g{l) = and thus to g{\) = since A^ is i?-torsion free. 
We then deduce that the kernel of the i?-module homomorphism m i— >■ 9^m is the submodule 
Ker{e^)M . Therefore it induces, as required, an isomorphism from Ma onto M^. □ 
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Let (M, um) and {N, a^) be ^-comodules. We shall define a comodule structure on M^N 
by considering 

aM,N -M^N M®A®N®A^M®N®A®A M®N®A. 

The A^-module structure associated to this comodule structure is given by: 
g{m ®n) = ^fl'(o)'^ ® 5(1)'^ ^9 ^ A^ ,m E M,n e N , 

(9) 

where A]:)[g) = 5(o) <^ 9{i)- We say that M ® N is endowed with the diagonal action of 
A^. 

We conclude this section by proving a result which generalizes to a large family of Hopf 
algebras a theorem well known when A = Map(r,i2) and A^ = R[T], [Mc] Corollary 3.3, 
p. 145 and p. 196. 

Proposition 2.6. Let A be a Hopf algebra over R. Let M and N be A^ -modules. Assume 

that M and N are both projective R-modules and that either M or N is projective as an A^- 
module. Then M (S)r N endowed with the diagonal action of A^ is a projective A^ -module. 

Proof. Observe that for any ^^-modules M and A'', then Homi^(M, N) is endowed with the 
structure of an A^-module by the rule: 

< 5(/?,m >= ^5(0) 5-^(5(1) )m > yg e A^ 

(9) 

where A^{g) = ^^^^^ ^(o) <E) 5(1)- 

Lemma 2.7. For any A^ -modules M and N , one has the equality: 

HomAD{M,N) = HomR{M,N)'^. 
Proof. Let (p be an clement of Hom^D(M, N). Then, for all g G A^, we have 

< g(p,m>= ^g{o) < (p,S^{g^i))m >= ^ 5(o)'S'^(ff(i)) <(p,m> . 
(9) (ff) 

Therefore 

<gip,m>=e'^{g) <(p,m> . 

This implies that 

Hom^D (M,iV) C HomR(M,iV)^. 

We want to prove that this inclusion is an equality. Let ip be an element of Homj^(M, iV)"^. 
Then, for any a G A^ and m G M, we observe that since 

a = ^e-^(a(o))a(i), with A^{a) = ^a(o) 0(1), 

(a) 

we may write 

< ip, am >= ^ £''^(a(o)) < V, a^^^m > . 

(a) 

Using that (p € llomji{M,N)^ wc obtain that 

< (p,am >= ^ < a(o)<y?, 0(1)"^ > • 

(a) 
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Hence we conclude that 

< am >= ^ 0(3) < ip, 5'^(a(4))a(i)m > 

(a) 

where (A^ id) o A^{a) = Yl^{3) ^ ^(4) ® ^(i)- 
We now observe that the map 

xA'^ xA'^ 

(a, b,c) a < (fi, S^{b)cm) > 
is trihnear and therefore induces 

e : A^ (g) A^ A^ ^ N. 
It foUows from the coassociativity of A^ that we have the equahty in A^ 0ji A^ 'S)r A^: 

{id ^ A^) o A^(a) = (A^ (g) id) o A^(a). 
Denoting by b this element, then we can write 

0(6) =< if, am > . 



For any 0(i) we set A (a(i)) = Yl ^[i) ^(i)- I* follows that 

' ^(0) 0(1) 09 0(1) . 



b={id® /SP) o A^(a) = ^ arm (8) a'1^ (g) a'/ 



(a) 

Therefore we have the equality: 

(a) 

which can be written 

m = 0(0) < (E '5''(a(i))a'('i))m > . 
Since we know that e^(o(i)) = ^ S'^(a(i))a(i) and belongs to R for any a(i), we deduce that 

= a(o)£'°(a(i))) <'P,m>=a<(p,m> . 

(a) 

Comparing the two expressions for Q{b) we deduce that 

< f, am >= a < ip,m >, Va G and Vm G M. 

The required inclusion then follows. This achieves the proof of the lemma. □ 

The proof of the proposition now follows closely the proof of Corollary 3.3 in Chapter V.3 of 
[Mc]. We may assume for instance that M is a projective yl^-module. We have to prove that 
the functor P — )■ Hom^o (M 0^ N, P) from the category of A^-modules into the category of 
i?-modules is exact. By the adjoint property of Hom and <S) we know that for any /2-module 
P we have a natural isomorphism of ii-modules 

i/jp : HomniM N, P) ~ HomR{M, HomR{N, P)) 

f I— 7> ipp{f) : m I— > (n I— > f{m (g n)). 

We assert that if P is an A^-module then the adjoint isomorphism restricts to an isomorphism 
of i?-modules 
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ipp : Horn AD (M <^r N, P) 2± H 07x1^0 (M, HomR{N, P)). 

Since the functors P — )■ }iomR{N,P) and Q — >■ Hom^o (M, Q) are exact the result will then 
follow. 

We now want to prove the assertion. We start by proving that is an isomorphism of 
A^-modules. Let (p be an element of HomR{M (E)r N, P). Then for any for any a G , m fc 
M,n e N on the one hand we have 

< il^p{aip){m),n >=< a(f,m 18) n >= ^ a(o) < ^p, S'^(a(3))m S^{a(^2))n > 

(a) 

where {id (g) A-^) o A^{a) = Yl «(o) ^ "^(i) ® a(2)- 
On the other hand 

at/jp{(p){m) = ^a(^o)il^p{(p){S^{a(^i))m) 

(a) 

and thus 

< ailjp{ip){m),n >= Xl^(3) < V'P M (5'^ («(!) 'S'^(a(4)" > 

(a) 

(a) 

where (A^ (g) id) o A^(a) = X^a(3) ^ cl{4) ® 
We now consider the map 

A^ xA^ xA^ ^P 

{x, y, z) X < if, S^{z)m) ® S^{y)n > . 

This is a trilinear i?-map and it therefore induces 

^■.A^^R A^ ^R A^ P. 

It follows once again from the coassociativity of A^ that 

{id A^) o A^(a) = (A^ ® id) o A^{a). 

Let us denote the above element by c. It follows from the previous equalities that 

<l>(c) =< ■tpp{a(p){m),n >=< a'ipp{ip){m),n > . 

Hence we have proved as desired that 

ipp{aip) = aipp{(p), Va G A^ and G HomR{M ®r N, P). 

We achieve the proof of the assertion. It is easily verified that since -^p is an ^^-isomorphism 
it induces an isomorphism: 

V-p : HomR{M ®p N, P)^ ~ HomR{M, HomR{N, P))^. 

It now follows from Lemma 2.7 that this is precisely the required isomorphism. □ 
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2.2. Equivariant symmetric bundles. A symmetric bundle over i? is a finitely generated, 
locally free i?-module M, equipped with a non-degenerate, bilinear, symmetric form 

q : M X M ^ R. 

Let ^ be a finite and locally free Hopf algebra over R and (M, q) be a symmetric bundle over 
R. We shall say that (M, q) is A-equivariant if M is an ^-comodule and if the following is 
true: 

q{gm,n) = q{m, {g)n), \/m,n G M, Vg G 

If, moreover, M is a projective A^-module, we shall call (Af, q) a projective A-equivariant 
bundle. Note that when A = Map(r, R), with T a finite group and A^ is the group algebra 
i?[r], an ^-equivariant symmetric bundle is an i?[r]-module endowed with a non-degenerate, 
F-invariant, bilinear and symmetric form. 

We observe that any A-equivariant symmetric bundle (M, q) defines, after scalar extension 
by a commutative i?-algebra T, an Ay-equivariant symmetric bundle over T that we denote 
by [MT^qr)- 

We can attach to any i?-symmetric bundle (M, q) its orthogonal group that we denote by 
0((/). This is an afiine group scheme over R. This group scheme is most easily defined in 
terms of its associated functor of points. It is the functor which sends an i?-algebra T to the 
orthogonal group of the form (Mt, qx). Suppose now that A is a commutative Hopf algebra. 
Then we can associate to A the group scheme G = Spec(74). We will say that G is generically 
etale when Ak is a separable iC-algebra. In this case the notion of A-equivariant symmetric 
bundle has an interpretation in terms of orthogonal representations. 

Proposition 2.8. Let A he a commutative Hopf R-algebra and let G be the group scheme 

defined by A. We assume that G is generically etale. Let (M, q) be an R-symmetric bundle. 

Then the following properties are equivalent: 

i) {M,q) is A-equivariant. 

a) There exists a morphism of group schemes: 

p:G^O{q). 

Proof. For any i?-algebras E and F we denote by \lom.ii^alg{E ■, F) the set of morphisms of 
ii!-algebras f : E ^ F. We recall that for any i?-algebra T we have the following isomorphism 

G{T) ~ HomR,„ig(A,T) ~ Homr,a/9(^T, T) . 

Moreover, since A is a finitely generated projective i?-module, we know that 

HomT(AT, T) ~ Homfl(A, R) ^rT . 

With a slight abuse of notation we write 

G{T) = llomT,aig{AT,T) C Hom^j(A,i?) ®rT . 

We assume i). Since M is an A^-module, after scalar extension Mt becomes a A^-module. 
Therefore for any g G G{T) we may define 

Prig) '■ Mt Mx, m i— ?• gm . 

One checks that pT induces a group homomorphism from G{T) to Aut(-MT). We now observe 
that, since qr is A^-equivariant, for all m,n E Mt 

(lT{pT{g){m),n) = qT{gm,n) = qT{m,S^{g)n) = qxin, pT{g)~^{n)), 
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(for the last equality we use that the inverse of g in G{T) is S^{g)). Therefore we conclude 

that pxig) G 0('?t)) for any g, which proves ii). We now suppose that ii) is satisfied. It 
follows from the hypothesis that there exists a group homomorphism 

PA ■■ G{A) Aut(M^) . 

For the element id we obtain an ^-linear map PA{id) • ^ A M (8)_r A which determines 
by restriction a : M ^ M (8)r A. The map a endows M with a right ^-comodule structure 
(see [W], Chapter 3) and therefore with a left A^-module structure. Since there exists a finite 
extension K'/K such that Aj^, = K'[r], any clement g € A can be written g = X^-^gp r^j 
with r-y G K', V7 € T. Since every 7 belongs to G{K'), then S^^j) = 7"^. Since Pk'{i) 
belongs to 0{qK') for any 7 G F we can write the equalities: 

q{gm, n) = ^ rjq{'ym, n) = ^ r^q{m, 7"^n) = q{m, S^{g)n), 
■yer jer 

for any m and n E M and g G A^. Hence we have proved as required that {M,q) is A- 
equivariant. □ 

We call any morphism of group schemes p : G — )■ 0((/) an orthogonal representation of 
G. In this paper we will frequently speak either of equivariant symmetric bundles or orthog- 
onal representations. One should notice that when G is generically constant an orthogonal 
representation, as defined above, induces by restriction to the generic fiber an orthogonal 
representation in the usual sense. 

Let {M,q) be a projective A-equivariant symmetric bundle with A^ satisfying Hi. We fix 
an i?-basis 9^ of I{A^). Under these assumptions we use Lemma 2.5 to define a map 

q^:M^xM^^R 

by setting 

q^{x,y) = q(m,y) = q(x,n) 

where m (resp. n) is any arbitrary element of M such that x = 6^m (resp. Observe 
that if 6^m = 9^m', then m — m' belongs to Ker(e^)M. Since 

q{gu,e^n) = q{u,S''{g)9''n) = q{u,e''{S''{g))9''n) = q{u,e^ {g)9''n) = 0, 

for any g G Kere^, we deduce that q"^ is well defined. Moreover, using Lemma 2.3, we note 
that 

q^{x, y) = g(?/, m) = q{9^n, m) = q{n, S^{9^)m) = q{n, 9^m) = q^{y, x) . 
Hence q'^ is a bilinear symmetric form on M^. 

Proposition 2.9. Let A be a Hopf algebra such that A^ satisfies Hi and let {M,q) be a 
projective A-eqmvariant symmetric bundle. Then {M'^^q'^) is a symmetric R-bundle. 

Proof. From Lemma 1.5 we know that is a locally free i?-module. It remains to prove 
that the adjoint map 

iPqA : Hom(M^, R) 

is an i?-module isomorphism. This result, when A = Map(F, R) and F is a finite group, was 
proved in Proposition 2.2 of [CNET] . This proof can be used mutatis mutandis in this more 
general situation if, as in the situation considered in [CNET], the quotient M/M^ is torsion 
free. This is easily checked. We note that it suffices to prove the result when M = A^ . Let 
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f eA^ and deR,d^ such that df G (A^)^. It follows from the definition of (A^)^ that 
for any g G A^ then g{df) = e^{g){df). Since A^ is a projective i?-module it is torsion free 
and thus gf = e^{g)f, which proves that / G (A^)^. □ 

Remarks 

1. For any x = 6^m, and y = O^n of M"^ it is easily verified that 

q{x, y) = q{m, S^{e^)e^n) = q{m, e^{e^)y) = e'^{e^)q^{x, y) . 

If A^ is not separable, then we know that £^{x) = for any x G I{A^), from Theorem 5.1.8 
in [S]. Therefore this situation makes clear that q^ is not in general the restriction of q to 
M"^, since, as we deduce from the previous equalities, is unimodular while the restriction 
of q to is zero. 

2. It is important to note that the form q^ depends upon the choice of a generator of I[A^). 
Taking 9'^ = X9^ with A G i?* as a new generator of I{A^) provides us with a new symmetric 
form q'^ = Xq^ on M^. If A is a square of a unit of R, then the symmetric bundles (M^, q"^) 
and (M^ , q'"^) arc isometric. As we will see, at the end of Section 2, our future constructions 
will not depend upon this choice. 

3. Twists of symmetric bundles 

Recall that R is an integral domain with field of fractions K and that ^ is a Hopf order 
in the Hopf algebra Ak- The aim of this section is to define the algebraic twist of an A- 
equi variant symmetric bundle by a principal homogeneous space for A. As a first step we 
show, under some assumptions on A, how to associate to a principal homogeneous space for A 
an A- equivariant projective vector bundle. The trace form is the key tool of this construction. 

We let yl be a commutative Hopf algebra which is finite and flat over R. Let i? be a 
commutative finite flat i?-algebra, endowed with a structure of an A-comodule algebra 

as : B ^ B ^rA . 

We suppose that B^ = R. We shall say that S is a principal homogeneous space for A over 
R, abbreviated by PES, when 

{Id^l,aB) -.B^rB^B^rA 

is an isomorphism of 5-aIgebras and left ^^-modules. We observe that A, endowed with the 
comultiplication map, provides an example of such a space. 

Lemma 3.1. Let Ak he a separable commutative Hopf algebra and let Bk be a principal 
homogeneous space for Ak- Let Tr he the trace form on Bk- Then {BK,Tr) is a projective 
Ajc -equivariant symmetric bundle. 

Proof. Since Bk is a principal homogeneous space for Ak, we know that Bk is a projective 
A^-module. Using the fact that Bk becomes isomorphic to Ak after a faithful base change, it 
follows by descent theory that Bk is separable and therefore that the trace is non-degenerate. 
We now want to show that the trace is an ^^-equivariant form. As in Lemma 2.4 we fix a 
finite extension K'/K such that A^, is isomorphic to i^'[r], where F is a finite group. In 
this case A^,, as a K'-vector space, has a basis {7,7 G F} consisting of group like elements. 
Since Bk' is an A^,-module algebra, one easily checks that every 7 defines an automorphism 
of iiT'-algebra of Bk' whose inverse is (7) . Therefore the trace form qK' of Bk' is invariant 
under each 7 G F. Let q denote the trace form on Bk. Any element g of A^ may be written 
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g = Yl-yeT^i^f basis {7,7 G F} of A^, with G K'. Then, for any element x and y 

of Bk, we have the equalities: 

Q{9x,y) = ^x^qK'{nx,y) = ^x^qx'ix, {'j)y) = q{x,S^{g)y) . 

We conclude that q is ^i^'-equivariant, as required. □ 

We now wish to generalize the above construction when working with the ring R in place 
of the field K. A key-role in this case is played by the codifferent of B. 

3.1. The square root of the codifferent. The codifferent of B is defined by 

V-^{B) = {x G Bk I Tr{xb) € R "ib £ B} . 

In the case where i? is a field then T>~^[B) = B. It follows from the 74;^-invariance of the 
trace form proved in Lemma 2.1 that V~^{B) is an ^^-module. We start by studying the 
codifferent of A. 

Proposition 3.2. Let A be a commutative Hopf algebra, let I be the set of integrals of A, and 
assume that Ak is separable. Then 

i) There exists a unique primitive idempotent e of Ak and a fractional ideal A of R such 
that 

Ik = Ke, and I = Ae . 

ii) We have the equality: 

V-\A) = A-^A 

Proof. We know from [SW], Corollary 5.1.6., that Ik is a one dimensional -ftT- vector space. 
Moreover, since Ak is a separable algebra, we deduce from [SW], Theorem 5.1.8. that Ak = 
Ik © Ker(£). Let it be a basis of Ik- Since it is an integral, it follows that = e{u)u. Since 
£{Ik) is non-zero, it follows that e(u) is 7^ 0. Therefore, replacing u by u/e{u), we obtain a 
new basis of Ik which is a non-trivial idempotent. We denote this idempotent by e. Since R 
is an integral domain, it follows that £(/) = 1 for any idempotent f Ik- We conclude that 
e is the unique idempotent of Ik- Let A be the fractional ideal of R consisting of elements 
x E K such that xe belongs to A. Then wc have 

I = lKnA = Ae . 

We consider the left j4^-module structure on A^ defined by 

< f*g,x>=<g,S^{f)x> ^x gAk . 

Since Ak is separable the trace form is non-degenerate and induces an isomorphism of K- 
vector spaces 

^ : Ak ^ A^ = Rom{AK,K) . 

We note that 

< *(/a), X >= Tr{fax) = Tr{aS^{f)x) =< ■^{a),S^{f)x >=< f * ^{a),x > 

for all a,x G AK,f G A^ . Therefore ^! is an isomorphism of j4^-modules. It follows from 
the definition of the codifferent that V-^{A) = "^-^(A^). We now consider ^{A). Since $ 
is an isomorphism of ^^-modules and since A = A^I we obtain that "^{A) = ^'(^^Ae) = 
A^^*(e). Therefore we are reduced to determining ^(e). Let x be an element of Ak- Prom 
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the direct sum decomposition of Ax, it follows that x can be written as a sum Ae + x' with 
x' G Kere and X E K. Hence we have 

< *(e), a; >= Tr{ex) = Tr{eX + ex') . 

We note that ex' = 0. Moreover, since e is a non-trivial idempotent whose i^-span has 
dimension one, its trace is 1. Therefore we have proved that < ^'(e),a; >= A = e{x) for all 
X G Ak- We conclude that ^'(e) = e which is the unit element of A^. Therefore we have 
proved that '^{A) = AA^ and thus = A~^A as required. □ 

Remark Observe that A is the i?-ideal defined by 

A = £(/). 

Corollary 3.3. Assume that I{A) is a free R-module. Then: 

i) I{A^) = A~^t, where t is the unique element of A^ such that te = Iak- 

ii) Tr{x) = tx for any x G Bk- 

iii) V-^{B) = A-^B. 

Proof. Let A G A be such that 6 = Xe is a basis of I{A). We note that X~^t is the unique 
element 9^ G A^ such that 6^9 = 1. Since there exists such an element in A , we may 
conclude that 9^ G A^. It follows from Lemma 2.2 that 9^ is an i?-basis of I{A^) and thus 
i) is proved. We now fix an extension K'/K as in Lemma 2.4 and we identify on the one hand 
the algebras Ax' and Map(r,iir') and on the other hand the algebras A^, and -fC'[r]. Since 
Ak is contained in A^' we observe that e is the unique idempotent in Map(r, K') such that 
Ix' = K'e. Therefore, as an element of Map(r, X'), e is defined by 6(7) = 1 if 7 = 1 and 
otherwise. Let ojr = Yl^er^f- easily check that cor is the unique element in K'[T] 

such that ojre = ^Aj^,- Therefore we deduce that t = cur- We now have 

TrBK/K{x) = TrB^,/K'{x) = ujrx = tx, Vx G Bk 

as required. Let A be a generator of A. It follows from ii) that Tr{X~^x) = {X~^t)x, for any 
x E B. Since we know from i) that X~^t G A^ we deduce that Tr{X~^x) B H K = R 
for any x € B and thus that A~^B is contained in In order to prove the equality, 

since B is faithfully flat over R, it suffices to prove that the injection A~^B 'D~^{B) 
induces an isomorphism B (8)^ A~^B ~ B 0^ T)~^{B). We first observe that B B (resp. 
B A) is a subalgebra of Bk ®k Bk (resp. Bk ®k Ak)- Moreover since Bk ®k Bk and 
Bk ®k Ak are both free and finite Sii:-algebras we can consider the traces over Bk of these 
algebras and therefore the codifferents of B B and B A for these traces forms. Let 
ip = {1(1 ® l,a_B) : B ®R B ^ B ®r A be the isomorphism of i?-algebras introduced before. 
It follows from the definitions that T>~^{B ®r B) = ip~^(V~^(B (Sir A)). Moreover one easily 
checks that B®r'D~^{B) is contained in V~^{B®rB). Therefore we conclude that in order to 
prove that A~^B V~^{B) is surjective it suffices to prove that 'D~^{B(SrA) = B (SrA~^ A. 
Following the proof of Proposition 3.2 we note that the previous equality will be a consequence 
of: 

Lemma 3.4. 

I{B ®rA) = B ®r I{A) = B®RAe . 
Proof. It follows from the decomposition of Ak as a direct sum of ideals that 

Bk ®k Ak = Bkb © {Bk ®k Ker(e)). 
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Moreover it is immediate that B^e C I{Bx ®k -^k)- Any element x of I{Bk ®k -^k) can 
be written x = \e + y with y E Bk ®k Ker(e). This imphes that y G I{Bk ®k ^k) and 
therefore that ey = £{e)y = y = 0. We conclude that B^e = I{Bx ®k -^k)- Let 9 be an 
i?-basis of I {A). Since 9 = ue, where u is a non-zero element of K, it follows that is a 
Bif-basis of I{Bk '?)k Ak)- Let z be an clement of I{B ®r A). There exists a G Bk such 
that z = a9. This implies that 9^ z = a and thus that a € B(^rA. Therefore we have proved 
that I{B (Sir A) is contained in B i^r I (A). Since the other inclusion is obvious we have the 
equalities. This achieves the proof of the lemma and of the corollary. □ 

□ 

Corollary 3.5. We assume that Ak is separable of rank n and that I{A) is R-free. Let 9 
(resp 9^) denote an integral of A (resp. A^) such that 9^9 = 1. Then £{9)£^{9^) = n. In 
particular if A = £{I) and = £^{I^) then AA^ = uR. 

Proof. Let Tr be the trace form on Ak- First observe that Tr{9^9) = n. Moreover, since the 
trace is equivariant, it follows that 

n = Tr{9^9) = Tr{9 .S^ {9^)Ia) = £^{9^)Tr{9) . 

Under our hypothesis, it follows from Proposition 3.2 that there exists A € i? such that 

A = \R and 9 = Xe . 

It follows from the direct sum decomposition of Ak that Tr{e) = 1. Since e(e) = 1 we 
deduce from the previous equality that Tr{9) = A = £{9) and so that £^{9^)£{9) = n and 
A^A = nR □ 

Remark. It can be proved that is the Fitting ideal of the module of differentials 

It therefore follows from the lemma that, if n is a unit of R, then the module is trivial. 

In this case the cover of schemes (Spec(i?) — )■ Spec(i?)) is etale for any principal homogeneous 
space B. 

3.2. Twists of a form by a principal homogeneous space. In this section we need a 
strengthening of hypothesis Hi . The fact that this new hypothesis implies Hi follows from 
Lemma 2.4. 

Definition 2 A finite and flat R-Hopf algebra A satisfies hypothesis H2 when Ak is a com- 
mutative separable K -algebra and the image under £ of the set of integrals of A is the square 
of a principal ideal of R. 

Let ^ be a Hopf algebra satisfying H2. We denote by A^/^ a principal ideal of R such that 

(AV2)2 = a = £{I{A)) . 

Then, for any principal homogeneous space B of A, it follows from Corollary 3.3 that 

V~^/\B) = A-^/^B 

is a square root of 'D~^{B) and that (V~^/'^{B),Tr) is a projective and ^-equivariant sym- 
metric bundle on R. Let us denote by X^^"^ a generator of A^/^, let 9 be the generator Xe 
of I{A) and let 9^ be the unique element of A^ such that 9^9 = Ia- Then, following the 
construction of Section 2.2, for any A-equivariant symmetric bundle (M, q) and any principal 
homogeneous space B of A, we can define the twist of (M, q) by B (associated to 9^). 
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Definition 3 Let A be a Hopf algebra satisfying H2, let (M, q) be an A-equivariant symmetric 
bundle and let B be a principal homogeneous space of A. Define the algebraic twist of {M,q) 
by B as the R-symmetric bundle 

[MbAb) = {V-^'\B) ®R M, Tr ® q)^ . 

Remarks 

1. We observe that, since 9 is defined up to the square of a unit of R the same holds for 9^. 
Therefore, as observed in Remark of Section 2, the definition of (MbAb) is independent, up 

to isometry, of the choice of 9. 

2. It follows from Proposition 2.8 that under hypothesis H2 we can attach to (M, q) an 
orthogonal representation p : G = Spec(^) — >■ 0(g). With a view to generalizing this definition 
later on, we shall often refer to the twist of (M, q) by B as the twist of (M, q) by p and 
X = Spec{B). We will denote this twist as {Mp^x,Qp,x)- 

3. Suppose that R = K is a field and that L/K is a Galois extension with Galois group F. 
Let (M, q) be the underlying symmetric bundle of an orthogonal representation p : F — )■ 0(g). 

This is a situation where we can apply our previous construction. Let A = Map(F, K) be 
the Hopf algebra defining the constant group scheme associated to F. Since L is a principal 
homogeneous space for A we can consider the twist of (M, q) by L 

{MlAl) = {L(g}K M,Tr®q)^ 

as introduced in Definition 3. It follows from [F], Theorem 1 and [CNET], Proposition 2.5, 
that this new quadratic form coincides with the one introduced by Prohlich in [F], Section 2. 

4. Twists of a form and flat cohomology 

Let S be the scheme Spec(i?) and let G be the S-group scheme defined by a Hopf algebra 
A. To any i?-linear map 

OB : B ^ B ^rA, 

which endows B with the structure of a comodule algebra over A, there corresponds a mor- 
phism of >S'-schemes 

X XsG^X . 

In this correspondence the notion of PHS corresponds to the notion of torsors for G over S. 

Following Milne [M], III, Section 4, we may associate to any flat covering U = {JAi S)i<zi 
a set of cohomology classes H^{U,G); this is a set with a distinguished element. We define 
H'^{S,G) to be the direct limit over all coverings U of H^{U,G). From Theorem 4.3 and 
Proposition 4.6 in [M], it follows that there exists a one to one correspondence, [X] c(X), 
between the isomorphism classes of G-torsors over S", that we denote by (S, G) , and elements 
of H^{S,G) under which the class of the trivial torsor (the class of A) corresponds to the 
distinguished element of H^{S, G). 

Let {M,q) denote an yl-equivariant symmetric bundle and assume that A satisfies H2. As 
per Proposition 2.8 we can associate to {M,q) a morphism of group schemes p : G 0{q). 
It is routine to check that p transforms 1-cocycles on G into 1-cocycles on 0{q) and thereby 
induces a map from H^{S,G) in H^{S,0{q)). The set H^{S,0(q)) classifies the set of 
isomorphism classes of twisted forms of {M, q) ([D-G], III, Section 5, n.2). Therefore the class 
p^{c{X)) defines, up to isometry, a unique symmetric bundle that we denote by {Mp(^x)iQp{x))- 
We now have at our disposal on the one hand the symmetric bundle (Mp(x)) <Zp(x)))) which 
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has an abstract definition in terms of class of a cocycle in a flat cohomology set, and on the 
other hand the algebraic twist {Mp^x,Qp,x) given by a simple explicit formula (see Definition 
3 in Section 3.2). The main goal of this section is to prove that the two bundles coincide. 

Theorem 4.1. There exists an isometry of symmetric bundles 

We keep the notation and the hypotheses of Section 3. We assume that A satisfies H2, and 
in particular we assume that the image under e of the set of integrals of A is the square of a 
principal ideal of R. We fix a generator A^/^ of this ideal. Since Ax is separable there exists 
a finite extension K'/K and a finite group F such that Ak' = Map(r,if') and A^, = K'[r]. 
For the sake of notational simplicity we shall assTunc that K' = K; the general case can be 
easily deduced. We let e be the clement of Ak defined by 6(7) = 1 if 7 = 1 and otherwise 
and we denote by cj the element X^^gr 7 ^[^]- We have seen in section 3.2 that = \e 
(resp. 6^ = \~^cj) is a i?-basis of I{A) (resp. I{A^)) and that we have the equalities 

9^9 = 1a, ee^ = i^D, A = A^e, a^ = A9^ . 

4.1. Representative of a torsor. Let B be a PHS of A and let X = Spec(i?) be the 
associated G-torsor. It follows from the definition that there is a fiat cover U = (X — )• S) 
which trivializes X. More precisely the isomorphism 

ip = {id®l,aB):B®RB ^ B ®r A, 

induces an isomorphism of S'-schemes with G-action 

$ = Spec(¥') -.XxsG^XxxX. 

Let pi (resp. P2) denote the first (resp. second) projection map X Xs X ^ X. For 1 < z < 2 
the base change of $ by pi defines an isomorphism of schemes with G-action 

^r.{X xsX)xsG^{X xsX)xsX . 

We know from p. 134 in[M] that o $2 is a 1-cocycle representing c{X). We wish to 
understand o $2 in terms of B ®r i?-valued points of G. 

Let qi (resp. 92) denote the morphism of algebras B B^rB, defined by (gi : x ^ x®l) 
(resp. q2 : X ^ 1 ® x). Extending scalars by q'i for 1 < i < 2, the map induces an 
isomorphism 

: {B ®R B)(S)rB^ {B ^r B) ®r a 

of B ®R S-algebras and ^-'^-modules. It is clear that o $2 = Spec((/?2 ° 
Let C be the algebra B ®r B. We recall the identifications of Section 2.2: 

G(G) = noT^aig,R{A,C) = Romaig,c{Ac,C) . 

We denote by Aut jAn) the group of automorphisms of G-algebra and j4c-comodule. We 
observe that ip = ip2 o ip^^ is an element of this group. For any element ijj of Aut (Ar;) and 
/ G G{C) we obtain a element of G{C) by considering f o ip. 

Lemma 4.2. The map 

9 : Aut{Ac) G{C) 
ip ^ e o ip 

is a group isomorphism. 
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Proof. Since any -0 G Aut jAr) is a morphism of comodules it satisfies the equality 

(g) id) o A = A o ■0. 

This impUes that for all x e 

A(V'(a;)) = ^ V'(^o) <^ xi 

(x) 

where A(x) = J2(x) ^0 ® V'(^) = J2(x)(^ ° '^){xo)xi- For any ipi and ^2 of Aut (Ac) 

and X G Ac we obtain that 

e{tpi)9{'tp2){x) = ^(e o V'i)(xo)(£ o V'2)(a::i) = {e o '02)(^(£ o ^i)(xo)a;i). 

(x) (x) 

This shows that 

^(V'l)^(V'2)(x) = (£0^20 = ^((V'l) O {'<P2)){X). 

We conclude that is a group homomorpliism. Suppose now that ^(V') = £• Then it follows 
from the previous equalities that for all x e Ac 

'4){x) = ^e(a:;o)a;i = x, . 

(x) 

Therefore 9 is an injection. Let us now consider an element a G G{C) and denote by if) the 
C-endomorphism of Aq defined by 

ip{x) = y^a(a:o)a;i. 

{x) 

Since a is a morphism of algebras it follows that -0 is a morphism of C-algebras on Ac- 
Moreover, using the equality of morphisms 

(zd (g) A) o A = (A (g) id) A 

one can check that -0 is a morphism of ^c-comodules. Finally we observe that for all x G Ac 

6{ip){x) = a(a;o)e(a;i) = q;(^^ a;oe(a;i)) = a{x). 

(x) (x) 

Therefore 6{'tp) = a. This proves that is onto and ends the proof of the lemma. □ 

We deduce from this lemma that the map ^ = Spcc(^) ^ eo^ is an isomorphism of groups 
from Aut(Spec(C) (g^ G) onto G{C). We identify these groups via this isomorphism. Under 
this identification, we conclude that g = £0(p, where (p = (p2 cp'^^ is the element of Aut (Ac) 
introduced previously, is a 1-cocycle representative of c{X) in G{C). 

Remark As we have seen previously, for any x G Ac, with A(x) = '}2{x) ^(0) ^(1) '^^ have 
the equality: 

Vix) = ^(eo(^)(x(o)).X(i) . 

In the case where A(x) is invariant under the twist map (which is the map induced by c^d — ^ 
d (2> c) , this last equality can be written 

ip{x) = (e o ip)x, 
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where Aq is endowed with its structure of left ^d^-module and where eoip is considered as an 

element of A^, via the inclusion G{C) C A^. When A is cocomniutativc, since every clement 
oi A® A\s invariant under the twist map, the automorphism (p is the map x i— > {e o ip)x. 

4.2. Proof of Theorem 4.1. Let {M,q) be an 74-equivariant symmetric bundle and let B 
be a PHS of A. We consider the twist of (M, q) by B defined by 

{Mp,x, qp,x) = {MB,qB) = (A'^/'S 0r M, Tr ® q)^ . 
The strategy for the proof of the theorem is to show that the flat covering U = {X ^ S), 
which trivializes X as a G-torsor, likewise trivializes the symmetric bundle {Mp^x, Qp,x)- With 
this in view we now construct an isometry of symmetric bundles 

(1) {Mb, qs) ^ (B (g)fl Mb, qB,B), 

where {qb.b) denotes the form (Jb extended to B (giR Mb- This construction will be achieved 
via the next two lemmas. The results of Section 4.1 provide us with a representative of X in 
H^{U, G). We will use the previous isometry to show that the image under p* of this cocycle 
is a representative of the class of {Mp^x,<lp,x)- 

Lemma 4.3. Let T he a finite flat R-algebra. Then 

i) For any f G A^ and m G Mt one has 

e^ife ® m) = e^{e ® s^{f)m) . 

ii) The map m i-)- 0^{\~^/'^6 (g) m) induces an isometry vt of symmetric bundles from 
{T®rM, qt) onto {T^rMa, 9a,t) where {Ma, qA) is the symmetric bundle {X^^^'^A^r 
M,Tr®q)^. 

Proof. We first observe that it suffices to prove the lemma when T = R. The general case 
will follow b}^ extension of scalars. Let / be an element of A^ . Since A^ is contained in 
A^ = K[T] wc write / = J^^^r^'Y^f '^^^^ ^7 ^ Since A^ acts diagonally over A ®ji M 
and since = 9^, we obtain that for any m E M and 7 G F 

e^{f9 (S)m) = J2 d^{X'yl9 (g) m) = ^ e^j{e ® x^j-^m) = 9^ {9 O S^{f)m), 
as required. 

Let u : M ^ Ma be the R linear map defined by m 1-^ 9^{X^^/'^90m). We start by proving 
that u is surjective. Let y be an element of M^. We deduce from Lemma 2.5 the existence of 
a finite set of elements Xi of A and mj of M such that y = 9^{\~^/^Xi (g) mj). Since 9 is 
an A^-basis of A, for an integer i, there exists an element fi of A^ such that Xj = fi9. Using 
i) we deduce that 

y = J2 9''{fi\-^l^9 ®mi) = Y, 0''{\-^'''9 ® S''{fi)mi) = ^^(A-V^^ ® x), 

i i 

with X = S^{fi)mi. So we have found x € M such that y = z/(.t). 

Let us now consider i : Ak ®k Mk Mk defined by a (g m i-^< e,a > m. Since the action 
of A^ is diagonal, for any m G Ak we have 

£{9^{9 0m)) = {a)m , 
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where A^(0^) = E^g) ^ ^(i) and a = E < ^>^5)^) > ^ft- We first observe that < 
e, 0^)^) >=< S^yO >■ Moreover, since A is commutative we know that is cocommutative. 
It follows from these facts that 

« = E < ^(0)'^ > = E < ^w'^ > ^S) = ^^"^ • 

Since, as recalled at the beginning of this section, we know that 99^ = I^d, then we have 
proved that 

e{e^{e m)) =m, Vm € Mk ■ 

We conclude that i/ is an isomorphism whose inverse is given by /v, : x i— t- X^/'^e{x). In order 
to complete the proof of the lemma we must show that v is an isometry. Hence we have to 
check that 

^A(^^(A-^/^0®m),0^(A-V20 0my) = q{m,m'), "im^m' E M . 
The proof now consists of a verification of this equality. It follows from the definitions that 

qA{e^{X'^^^9 m), 9^{\-^/^e m')) = \-^{Tr (g) q){9'^{9 (^m),e®m') . 

Since the action of A^ on A^rM is diagonal we can write 9^{9®m) as the sum E 9^^9®9j^^m 
and so 

{Tr ® q){9^{e ®m),9® m!) = ^ Tr{{9fQ^e)9)q{9f^-^m, m!) . 
It follows from the previous equalities that 

qA{9^{\~^''^9 ® m),9^{X-^/^9 ® m')) = X'^i^m, m'), with /3 = J^i^r {9^0)9)9)9^1^ . 

Our goal is to compute /3. We start by evaluating {9j^)9)9. Writing A(^) = E^(o) ® ^(i) we 
obtain that 9j^)9 = E ^(o) < ^^)i^(i) >• Hence 

{9^)9)9 = ^9(^0)9 < ^^),6'(i) >=^e{9(^o))9 < ^^),6'(i) >= 9 < 0^), ^ £(6'(o))0(i) > . 
These equalities show that {9^^9)9 =< 9^y9 > 9 and therefore that 

Tr{{9f,)9)9) =<9foy9>Tr{9) . 
It now follows from Corollary 3.3 that Tr{9) = Xte = A. We conclude that 

P = X ^2 < ^(0) ' ^ > ^(1) = ^ ' 

since, as observed before, J2 < ^^)'^ > ^(i) = = ^A^- Hence X~^q{Pm,m') = q{m,m'), 
as required. □ 

Remark As a consequence of the lemma wc observe that there is an isometry 

(M,g) ~ {MA,qA) 

which proves Theorem 4.1 in the case when X is the trivial torsor. 

We now return to the isomorphism f : B ®r B ^ B ®ii A introduced at the beginning of 
this section. This morphism induces an isomorphism 



{ip ®Id):B ®R (A-^/^B ®rM)^B ®r {X'^/'^A ®r M) 
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of B and A^-modules. Recall that acts on the left-hand side (resp. the right-hand side) 
via its diagonal action on (A~^/^-B M) (resp. (A~^/^y4 (^r M)). Therefore, taking fixed 
points by A^, we see that (p induces an isomorphism of S-modules 

: B Mb ^ B Ma ■ 
Lemma 4.4. The isomorphism (p induces an isometry of symmetric bundles 

{B ^R MbAb,b) ^ {B 0R MaAa,b)- 
Proof. This is an easy verification that we leave to the reader. □ 
We can now complete the proof of the theorem. It follows from Lemmas 4.3 and 4.4 that 
g>-^ ovB-{B ®R M, qb) (B (8>R MB,qB,B) 

is an isometry. Let C = B ®r B and let : -B — )■ C, 1 < i < 2 be the morphisms as considered 
prior to Lemma 4.2 at the beginning of this section. For 1 < i < 2 the map (p~^ o vb induces, 
by scalar extension, an isometry: 

ovc:{C ®R M, qc) {C ®R Mb, qB,c) ■ 

This implies that a = {cp^^ oi/(j)~^ o(^(p^^ oi/c) = of^ipioip^^^vQ is a 1-cocycle representative 
of {Mp^x,Qp,x)- Our goal is now to describe this map. 

Let c (resp. m) be an element of C (resp. M). Since ifi o if^ commutes with action of A^ 
it follows from the definitions that 

{pi o ^) ° vc{c ®m) = e^{{ipi o ip-^){\-^''^e) ®{c® m)) . 

It is easily checked that that A(0) = AA(e) is invariant under the twist map. We then deduce 
from Remark, Section 4.2 that {(pioip2^){^\~^/'^0) = X^^^'^{g^^0), where g is the representative 
of c{X) we constructed previously in Subsection 4.1. It now follows from Lemma 4.3 that 

e^ii^i o p^^){X-^/^e) (c m)) = e^{\-^'^{g-^e) ®{c® m)) = e^{\-^/^9 g{c ® m)) . 

This implies that a{c^m) = v'^^{9^ {\~^/'^6 ® g{c®m))) = g{c®m). This tells us that p{g) 
is a representative of {Mp^x,Qp,x) and so achieves the proof of the theorem. 

5. Examples 

5.1. The unit form. Let ^ be a commutative, finite and flat Hopf algebra over a principal 
ideal domain R. Let 9 denote a generator of the module of integrals of A. We define the form 
K on A^ X A^ by the equality: 

k{u,v) =< S^{u)v,9 

for all u, V G A^ . 

Proposition 5.1. The following properties hold. 

i) The pair [A^ ,k) is an A-equivariant symmetric bundle. 

ii) // A satisfies H2, then, for any principal homogeneous space B of A, the twist of 
{A^ ,k) by B coincides with the symmetric bundle {V~^/^{B),Tr). 
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Proof, f Since we know from Lemma 2.3 that S{0) = 9, we note that for all u,v E 

k{u,v) =< S^{u)v,e >=< S'^{u)v,S{e) >=< S^{v)u,e >= k{v,u) 
so that the form is indeed symmetric. We now observe that 

K{tu,v) =< S^{tu)v,e >=< S^{u)S^{t)v,e >= K{u,S^{t)v) . 

We therefore conclude that the form is A-equi variant. In order to show that the form is 

non-degenerate, we consider an i?-basis {ei, e„} of ^ and we let {e*, e* } denote its dual 
i?-basis in . Since ^ is a basis of A as an ^d^-module, for any i,l < i < n, there exists 
fi G A^ such that S{ei) = fi9. It is easily verified that {/i, /„} is an i?-basis of A^. For 
any i and j we have 

Sij =< e*,ej >=< 5^(e*),S(e,) >=< S^(e*),/,-0 > 

and therefore 

S,j = e{S^{e*){fje)) = e{{S^{e*)fj)e) =< S^{e*)fj,e>= K{e*,fj) . 

Since {/i, /„} is an i?-basis of A^ , we can write Bj = X]i<fc<„ r^j/k where (rjj) is a n x ra 
invertiblc matrix with coefficients in R. The previous equalities show that K(eT,ep = rij for 
any i and j. Therefore the form k is non-degenerate. 

In order to prove (ii) we shall now assume that A satisfies H2. In this case we can provide 
a new description of {A^,k). From now on we use the notation of Section 3 and Corollary 
3.3. We let 9 (resp. 9^) be the generator Ae (resp. X'^^t) of I{A) (resp. I^{A)) , where A is 
an i?-basis of e{I{A)). We consider the map ip : u 1-^ X~^/'^u9 from A^ into V~^/'^{A). We 
wish to show that this isomorphism of ^^-modules induces an isometry from {A^,k) into 
{V-y'^{A),Tr). Hence we need to show that for all n, G A^ 

k{u, v) = Tri{X-^/^u9){X-^/\9)). 

It follows from the definitions that 

< S^{u)v, 9>=X< S^{u)v, e > 

while Tr{{X~^/'^u9){X~^/'^v9)) = Xt{{ue){ve). Writing u = X^^gr^T ^^'^ ^ = ^Ser'^S^^ "^^ 
easily check that 

< S^{u)v,e >= t{{ue){ve) = u^v^, 

-yer 

which is the required equality. □ 

Let be a PHS for A. Wc wish to describe the twist of {A^, k) hy B. This can be easily 
done: from the very definition of the twist and from our previous observations wc obtain that 

(ig, Kb) ^ {V-^'\B) ® A^, Tr ® /t)^ ~ {V-^'^{B) ®r V'^/\A),Tr ®r Tr f . 

We now deduce from Lemma 3.3 ii) that 

{V-^/\B) V-^/\A), Tr (^R Tr)^ ~ {V-^/\B),Tr) . 

This proves that Tr) is the twist of (A^,/«) by B. 
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Remarks 

1. The symmetrie bundle {(A^)"^, k^) is easy to describe. It follows from the very definition 
that (A^)^ = I{A^). Choose a basis 6^ of I{A^) such that 6^9 = U- The form is 
defined on I{A^) by the formula 

K^{9^x, e^y) = e'^y) =xy<e^,e> yx,yeR. 

Since 

< e^,e>=e{e'^e) = i, 

we conclude that K^{9x,6y) = xy. 

2. If ^4 satisfies H2, then the integral 9 used in the proof of the proposition has been chosen 
according to the stipulations of Section 3. It follows that {A^ , k) is independent of this choice, 
up to isometry. We refer to {A^ , k) as the unit form of A^ . 

3. The Hopf algebra A = Map(r,i?), with T a finite group, obviously satisfies H2. This is 
the case where the group scheme defined by A is the constant group scheme. In this situation 
we can choose for 6 the integral of A defined by 9{g) = 1 if g is the identity and otherwise. 
We observe that A^ is the group algebra R[r] and that the form k is given on elements of T 

by 

k(7,7') =<j-'^j',9>=S^^y . 

It follows from these equalities that {7 G F} is an ortlionormal basis for k and therefore that 
the symmetric bundle {A^,k) is the usual unit form ofT. 

4. When G is generically constant, of odd order, {Ak = Map(r, K), with T of odd order), we 
know from [BL], that after scalar extension to K, the forms become F-isometric. Therefore 
we have the following isometries of equivariant symmetric bundles: 

(P-V2(5), Tr) ®fl if ~ {K[r], kk) ^ {A'',k)k ■ 

This result leads us naturally to compare ((P"^/2(S),Tr)) and {A^,k) both as i?-symmetric 
bundles and also as yl-equivariant symmetric bundles in the general situation. 

5.2. An orthogonal representation of Consider the /^-algebra A = (i?[T]/(T" — 1)) = 
R[t] with the following additional structure: a comultiplication A : A ^ A A induced by 
1 1-)- t(g)t, a counit e induced by 1 1->- 1 and an antipode S : A ^ A induced by t t~^ = 
This is then a Hopf i?-algebra which represents the S = Spec(i?)-group scheme /in of n-th 
roots of unity. Its dual A^ = llom.ji(R[t], R) represents the constant group scheme Z/nZ over 
S. 

We consider the symmetric bundle (V^, q) consisting of the i?-free module V, of rank 2, with 
basis {ei,£2} and the symmetric bilinear form q defined by 

q{ek,ek) = for 1 < /c < 2 and q{ei,e2) = 1/2 . 

We note that when R contains a square root of —1, denoted by i, then ei = ei + £2 and 
62 = i(ei — £2) form a new basis of V for which q{ek, e^) = 1, for 1 < A; < 2 and g(ei, 62) = 0. 
Therefore {V,q), is isometric to {R?,x'^ + y^). 

It is easy to check that the i?-linear map defined by 

a{£i) = £i®t, Q;(e2) = £2 ® t""^ 

induces an ^-comodule structure on and therefore an A^-module structure described by 

uEi = tt(i)ei, ue2 = u{t^~^)£2, 
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for all u G A^. It is then verified that indeed 

q{uek,ek) = q{ek, S'^{u)ek) = 0, for 1 < A; < 2 

and 

g(n£i, £2) = g(n(t)£i, £2) = q{ei,u{t)£2) = q{ei,S^{u){f~'^)e2) = q{ei,S^{u)£2) , 

for all u G A^. We deduce from the previous relations that {V,q) is an ^-equivariant sym- 
metric bundle. We may associate to this form a morphism of group schemes, p : fin ^ 0{q), 
defined for any i?-algebra C by the group homomorphism pc : p-niC) 0{qc) where pciO 
is given on the basis {£i,£2} by 

When i e R, this is a representation of Pn into O2. 

Our goal is now to study the twists of this form by torsors. We now assume that R is 
a discrete valuation ring of characteristic and of residual characteristic p different from 2. 
We take A = {{R[T]/{TP - 1)) = R[t]). For any unit y € i?^, we let By be the i?-algebra 
R[X]/{XP -y) = R[x\. The i?-linear map a: By ^ By® A defined by alx^) = x^®t^,Q< 
k < p — 1, endows By with a structure of a A-comodule algebra and so with a structure of 
^^-module given by 

ub= ^ u{t^)bkx^, u e A^, h = y^^ bkx^ . 

0<fc<p-l 

Let z be a p-th root of y in an algebraic closure of the fraction field of R and let C be the 
algebra R[z\. The map T zX induces an isomorphism of C-A comodule algebras from 
C ® A onto C ® By. This proves that By is a PHS for A. By hand checking we verify that 

I{A) = R{1 + ... + xP-^) = pR{{l + ... + xP-^)/p), 
where (1 + ... + xP~^)/p is an idempotent of Ak- We then get that 

A = e(/(^)) =pR . 

We now assume that R contains a square root of p, denoted by p^^'^. Since A now satisfies 
H2 for any unit y G R^ we may consider the projective symmetric bundle {T>~^/'^{By),Tr) = 
{p~^/'^By,Tr). We note that Tr{x^,x^) = 1 (resp. py) for k = I = (resp. k + I = p) and 
otherwise. It follows from Definition 3 of Section 3 that the twist of (V, q) by By is the 
i?-symmetric bundle 

iVy, qy) = {ip-'/^R[x] ® V))^, {Tr ® q)^) . 
Proposition 5.2. For any unit y & R there exists an isometry of R-symmetric bundles: 

{V,q)^{Vy,qy) . 

Proof. The set 

(g) ei,p~^^'^x'^ ® £2, 1 < A; < p - 1} 

is an i?-basis of {p'^^"^ R[x] (S)V)). For any k,0 < k < p — 1, denote by the element of A^ 
defined by Uk{t^) = 6^1- It is immediate that {uq, ...,Up-i} is an i?-basis of A^ while uq is a 
basis for the module of integral of A^. It follows from Lemma 2.5 that 

{uo{p~'^^^x'' (g) £1), ?xo(p~^/^x'= (8) £2), l<k<p-l} 
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is a set of generators of Vy. Since A^(no) = uq (8) uq + "Ui (8) 'Up-i + ••• + Up-i (8) ui and since 
acts diagonally we obtain that 

Uq{p''^/^x'' <S) Sj) = {Uop'^^^x'' (g) Uo£j) + ^ {Uip~^/'^X^ ® Up-l£j), 1 < i < 2 . 

l<Kp-l 

For j = 1 we deduce that uq{p~^/'^x'' (8> ei) = p~^/^xP~^ (8> ei if k = p — 1 and otherwise. 
For j = 2 then uo{p^^/'^x'^ (g) £2) = p^^^'^x <^ 62 if k = 1 and otherwise. This implies that 
{e'l^y = p~^/'^x'P~^ ® ^1' ^2,2/ = p~^l'^x £2} is a ii-basis of Vy such that 

'^0^1,y = ^^04,2/ = 4,2/ • 

It follows from the definition of q and qy that 

qy{uoe'j^y, uoe'j^y) = {Tr ^o4,2/) = i^r (g) g)(£^-,j,, £j-,j,) = 0, 1 < j < 2 

and 

qy{uoe[^y, uos'^^y) = {Tr ® q){e[^y, 'Uo4,j/) = (r?- ® 9)(4,2/> 4,2/) = y/2 • 

We conclude that the i?-linear map given by (^i e'^ y) and (£2 '-^ y~^4 2/) i^iduces an 
isometry from {V, q) onto (Vy, qy) for any y e R*. □ 

5.3. A dihedral representation. We construct an example of an orthogonal representation 
of a non-commutative group scheme which induces, by restriction to the generic fiber, a 
dihedral representation as defined in [F]. 

5.3.1. The Hopf algebra. Let D denote a dihedral group of order 2n with n > 2 and with 
generators and relations: 

D = {a,T\ a" = 1 = rar = cr"^) . 

R denotes an integral domain which is regular local ring and which is a finitely generated 
algebra over Zp for an odd prime p. We let K denote the field of fractions of R and we 
suppose that /x„ C R. We let Hk denote the group algebra K [D] , endowed with its structure 
of non-commutative Hopf algebra. For any character (f) of {a) we let be the idempotent 
X]?e<(T> </'(^)?~^ of K (c)- We consider the split maximal ii!-order M in the group algebra 
K{a) 

M = ®4>R.e^ D R (cr) 

where (f) ranges over the abelian if-valued characters of the cyclic group (cr) . Recall that A4 
is an i?-Hopf order in the group algebra K (cr) with 

a,fi\a./3=(j> 

We then let H denote the i?-order in K [D] given by the twisted group ring o (r) ; so that 
we may write 

Mo {t) = R (r) R (r) if n is odd 

and 

Mo{t) = R (r) e R.eg (r) ©'^ R (r) if n is even. 
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where 9 is the unique quadratic character of (cr) if n is even, where 0^ denotes the sum over 
the orbits of abchan characters (j) of order greater than 2, modulo the action of the involution 
u I — > and where we have set 

R °4> {t) = [Reef, + Re-^) o (r) with re^ = e^r . 

For (f) with order greater than 2 recall from [R], Chapter 9, that we know that R (r) is a 
hereditary i?-order, and is maximal if n is invertible in R. 

Lemma 5.3. H is an R-Hopf order in Hk- 

Proof. Basically we need to show that A [H) C H ^ H. Since H is generated over i? by r 
and the various e<^, it will suffice to show that 

A(r) e H ®H, and A(e^) e H ® H. 

The first follows from the definition of A and the second from our previous equalities. □ 

Henceforth we identify = Map (D, K) : so that Spcc(if^) is the constant group scheme 
over Spec (K) associated to D. We then define A to be the i?-dual 

A = H^ = UouiR {H, R) ; 

then Spec (^) is a non-constant (but generically constant) group scheme over Spec(i?). We 
note that, since H is a finitely generated projective i?-module, it follows that = [H^)^ 
is naturally isomorphic to H. We will identify these Hopf algebras. 

Lemma 5.4. Since 2 is invertible in R, the modules of integrals for the Hopf orders H and 
A are: 

i) I{H) = 2R.eD = n-^R. ZdeD d; 

ii) I{A) = Ru.Iq where for d ^ D, lo{d) = 1 if d= Id CLnd otherwise. 
Moreover, for any principal homogeneous space B for A, we have the equality: 

Vb = nB 

Proof. It follows from Corollary 3.5 that i) and ii) are equivalent. Wc shall prove i). Let 
^0 be the trivial character of < a >. We observe that e(e(^(,) = 1 while ^(e^) = (pQ. 
Therefore x G I{H) if and only if 

e^ftX = 7^ (po, c^qX = X and tx = x . 

We deduce immediately from these equalities that x € 2ReD as required. Let 5 be a PHS for 
A. It follows from ii) and Corollary 3.3 that T>b = nB. □ 

Remsirk. Note that instead of working with the hereditary order H we could just as well 
work with any Hopf order H' in Hk containing R [D] ; then Spec i^A' = H'^^ will be a non- 
constant (but generically constant) group scheme. The case of a suitable maximal i2-order in 
Hk could also be particularly interesting. 



ORTHOGONAL REPRESENTATIONS OF AFFINE GROUP SCHEMES AND TWISTS OF SYMMETRIC BUNDLES 

5.3.2. The equivariant symmetric bundle. We fix an abelian character x of the cychc group 
(a) with order greater than 2, and we consider the quadratic i2-module {M,q): 

M = R{a) o (r) .e^ = R.e^ + R.Te-^ = R.e^ + R.e^T 
endowed with the quadratic form 

<l{x,y) = ^tr (x.T.y) , 
where tr : K [D] ^ K denotes the usual trace map where for d G D 

tr (d) = 2n if d = Id and otherwise . 
Lemma 5.5. {M,q) is an A-equivariant symmetric bundle. 

Proof. It is immediate from the definition that M is an if = ^^-module. Note that 

q {dx, dy) = ^tr {dx.T.yd''^) = ^tr [x.T.y) = q (x, y) 

so that q is indeed Z)-invariant. Of course we also have 

Q (ex> ex-r) = ^tr [e^r'^e^) = hr {e^) = 1 

9 (ex, e-x) = = q{e^.T, e^.r) ; 
and so q is an i2-perfect pairing on M, and in fact is seen to have discriminant -1. □ 

5.3.3. Twists of the form. Let B be a PHS for A over R. The structure map 

as ■■ B ^ B A 

induces an isomorphism of 5-algebras and i^-modules 

id <Si as : B ®R B c:^ B <SiR A 
(recall that H acts on each side via the right-hand factors). We put C = (a) and set E = B^ . 
Proposition 5.6. E is a PHS for A^ and V^c/r = A^ . 

Proof. Because B and A are i2-flat we have the isomorphism induced by taking the C-fixed 
points: 

^■.B®rE'^B®rA^ . 

We know that B is finite and flat and hence faithfully flat over R. Moreover it follows from 
the definitions that Ap is a finite and free i?-module. This implies that B 0r A'-'' and thus 
B®rE is flat over B and so that E is flat over R ([W], XIII, 1.3.3). We have therefore shown 
that £^ is a commutative, finite and flat i?-algebra. 

Let q: D ^ (r) be the quotient group homomorphism with kernel C. Because 2 is invertible 
in R, we know that R (r) is the unique maximal i2-order in K (r) ; and so in particular we see 
that Spec {R (r)) is a closed subgroup scheme of Spec(il)). We recall the inclusions 

A'^ (lA = RomR{H, R) C Ak = RomK{K[D],K). 

The group D acts on Ak via the rule that for all / G Ak, and for all 7 G -D 

r : a ^ fiaj-'). 
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It therefore follows that for any f & A and for any character of C we have: 

r(e^) = /(e^.-i) = <P{a-')f{e^) and r(e^r) = 0(a)/(e^r) . 

Therefore, by using the description of H above, wc deduce that dually Map ((r) , R) identifies 
as A*-^ and so Spec {A'-') identifies as a quotient group scheme of Spec (A). 
We now observe that /3 induces an action map 

: E 0rE ^ E i^rA'^ . 

In order to show that 7 is an isomorphism it suffices to prove that B is faithfully flat over E. 
One checks easily that A is free over A*-^. Therefore B^rA is free over BiSirA^ and similarly 
B (Sir. B is free over B (Sir E. Using once again that B is faithfully flat over R we deduce that 
B is flat over E. Since B is finite over E we conclude that it is faithfully flat over E and thus 
that 7 is an isomorphism. We have proved that is a PHS for A*-^ . Since by definition A^ is 
etale over R, then Vj^c /r = AP □ 

We recall that M. denotes the split maximal i?-order in if[C]. If we let L denote the ring of 

fractions of E then Me = E^rM is the split maximal order in L[C]. We consider the duals 
M = Hom/j {A4, R) and Me = M (^^r E = Hom^; {M, E) ; by duality these are the minimal 
Hopf orders in Map (C, K) and Map (C, L) respectively. Then we have 

T^N/R = and I^aTb/b = ^Ne ■ 
Proposition 5.7. B is a PHS of Me over E. 
Proof. The inclusion map C ^ D induces dual maps 



M ^ 


H 




; 


KC ^ 


KD 


A 


M 


i 


i 


M&p{D,K) 


Map (C, is:) 



and the isomorphism id® oib induces a map 

b®rB ^ b®rA^ b®rM = b®eE®rM = b®eM'e; 

as M acts trivially on E this map actually factors through B <Sie B, and so in summary we 
have produced the action map 

B^eB ^ B(S)eMe ■ 

In order to show that this injcctive map is in fact an isomorphism we shall show that their 
discriminants coincide. By the tower formula wc know that 

T^B/E = '^b/r^e)r ^ ^B/R = nB; 

here the second equality comes from Proposition 5.6 and the third equality comes from Lemma 
5.4. Since we know that = nA/g we conclude that the map is indeed an isomorphism. 

□ 
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Next we consider the ring E over the maximal order R (r) . By the above we may write E 
as a direct sum of two rank one free i?-modules E = E^ © E^ where r acts on E^ = R 
trivially and on E_ by —1. Choosing a generator 6 for E_ over R, we have an element of E 
with the property that 6'^ G R; moreover, as £^ is a (r)-torsor, we know that in fact 6^ G R^ . 

We now apply a somewhat similar analysis to B viewed initially as an A4 £;-module. We 
may then write B = (BBy. with x ranging over the abclian characters of {a) , and with each 
B^ a free rank one i?-module, with generator t-^ and with t^t^ divisible by (see 2.e in 
[CEPT]); since B/E is an A/^-torsor by Proposition 5.7 we can write: 

B = E[X]mod{X'' - a") 

for some a"" € E^ , with a = aJa G R^ . 

We now assume that A satisfies H2, (Definition 2, Section 3.2), which reduces, in this 
particular case, to requiring that nR is the square of a principal ideal. For the sake of 
simplicity we shall assume that n is a square of R when it is not a unit. We denote by n^^"^ 
a square root of n. Moreover we choose x ^ ((T)-character of a. These preparations being in 
place, we can now determine the twist of (M, q) by B which is defined, according to Definition 
3, by: 

{Mb, Qb) = {cB ®R M, Tr ® g)^, 
where c = 1 (resp. n~^/^) if n is a unit (resp. otherwise). 

Proposition 5.8. We have the following equalities: 
i) Mb = Rei ® R£2, where we set 

£1 = ca^ ® e-^ + ca® e^T and £2 = c6a^ 1® — c5 <Si e^T. 

ii) 

qB{£i,£i) = 2a, gB(£2,£2) = -2aS'^, qB{£i,£2) = 0. 

Proof. We recall from the definition that 

Mb = {cB ®R M)^ = {zecB®RM \uz = e^{u)z V-u G A^}. 

One easily checks from the definition of A^ = H that 

{cB ®R M)^ = {cB ®R M)^. 

We now observe that Propositions 5.6 and 5.7 provide us with a free i?-basis of B. Moreover, 
we know the action of D on the elements of this basis. Hence by a straightforward computation 
we obtain the equality: 

{cB 'S)R M)^ = R{ca^ ® e^ + R{cba' % e^ + R{ca. ® e^r) + R{c8a e^^r). 

It now suffices to take the c-fixed points of the right-hand side of the equality above to obtain 
i). In order to prove ii) we shall assume that n is not a unit; the easier case where n is a unit 
is left to the reader. Prom the definitions we obtain that 

(Tr ®g)(£i,£i) = 2Tr{n-^ad')q{e^,e^T) = 4a, (Tr g)(£i, £2) = 

and 

(Tr (8)g)(£2,£2) = -'lTr{Tr^^^aa')q{e^,e^T) = -4aS'^. 
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Finally we have to compare the forms Tr iSi q and {Tr ® q)^ on Mb- Using Lemma 2.5 and 
Lemma 5.4, we note that Mb = 9^ Mb, with 9^ = n"^ Ylu€D Then, for any element m 
and n in Mb, we have: 

{Tr ® q){e^m, O^n) = ^ (Tr q){um, O^n) 

= 2{Tr q){m, O^n) = 2{Tr ® q)^{9^m, O^n). 
We conclude that (Jb = ^{Tr q) and so ii) follows from the previous equalities. □ 

Remark We observe that the discriminant of the form qs is equal to —S^, up to a square. 
Therefore, if —1 is a square of R, since we know that 5^ is not a square of R, we deduce that 
the discriminant of qB is not a square and thus that the forms q and qB are not isometric. 



References 

[BL] Bayer-Fluckigcr, E., Lenstra, H.W.: Forms in odd degree extensions and self-dual normal bases. Amer. 
J. Math. 112(1990), 359-373. 

[C] Childs, L.N:Taming wild extensions: Hopf algebras and local Galois module theory. American Mathemat- 
ical Society, Mathematical survey and Monographs, 80(2000) 

[CEPT] Chinburg, T., Erez, B., Pappas, G., Taylor, M.J.: Tame actions of group schemes: integrals and 
slices. Duke Math. J. 82(1996), no. 2, 269 308. 

[CNETl] Cassou-Nogues, Ph., Erez, B., Taylor, M.J.: Invariants of a quadratic form attached to a tame 
covering of schemes. J. Th. des Nombres de Bordeaux 12(2000), 597-660. 

[CNET2] Cassou-Nogues, Ph., Erez, B., Taylor, M.J.: On Frohlich twisted bundles, AMS Russian Translations, 
Series 2, 219(2006). 

[CCMTl] Cassou-Nogues, Ph., Chinburg, T., Morin, B., Taylor, M.J.: Quadratic invariants for actions of 
group schemes. Preprint to appear. 

[Es-K-V] Esnault, H., Kahn, B., Viehweg, E.: Coverings with odd ramification and Stief el- Whitney classes. J. 
reine angew. Math. 441(1993), 145-188. 

[F] Frohlich, A.: Orthogonal representations of Galois groups, Stief el- Whitney classes and Hasse-Witt invari- 
ants. J. reine angcw. Math. 360(1985), 84-123. 

[SGA 4] Grothendieck, A., Verdier, J.L. Topos. Lecture Notes in Math. 269 (1972). 

[Jl] Jardine, J. F.: Simplicial objects in Grothendieck topos Applications of Algebraic Jf-theory to Algebraic 
Geometry and Number Theory I, 193-239, Contcmp. Math., 55, Amer. Math. Soc., Providence, RI, 1986. 

[J2] Jardine, J. F.: Universal Hasse-Witt classes. Algebraic if -theory and algebraic number theory, 83-100, 
Contemp. Math., 83, Amer. Math. Soc, Providence, RI, 1989. 

[J3] Jardine, J. F.: Cohomological invariants associated to symmetric bilinears forms. Exp. Math. 10(1992), 
97-134. 

[K] Kahn, B.: Equivariant Stief el- Whitney classes. J. Pure Appl. Algebra 97(1994), no. 2, 163-188. 

[Kne] Knebusch, M.: Symmetric bilinear forms over algebraic varieties, Conference on Quadratic Forms — 1976 

, pp. 103-283 ed. G. Orzech. Queen's Papers in Pure and Appl. Math., 46, Queen's Univ., Kingston, Ont., 

1977. 

[Mc] Maclane, S.: Homology. Springer Grundleheren Band 114, 1975. 

[Mi] Milne, J.S.: Etale cohomology. Princeton Mathematical Series, 33. Princeton University Press, Princeton, 
N.J., 1980. 

[R] Reiner, I.: Maximal Orders. L.M.S Monographs, Academic Press, 1975. 

[Sal] Saito, T.: The sign of the functional equation of the L-function of an orthogonal motive. Invent.math. 
120(1995), 119-142. 

JSal] Saito, T.: Stief el- Whitney classes of l-adic cohomology. preprint, ArXiv 1012.1922 

[Sel] Serre, J-P.: L'invariant de Witt de la forme Tr(a;^). Comment. Math. Helv. 59(1984), no. 4, 651-676. 

[Se 2] Serre, J-P.: Corps locaux. Hermann, Paris, 1968. 



ORTHOGONAL REPRESENTATIONS OF AFFINE GROUP SCHEMES AND TWISTS OF SYMMETRIC BUNDLES 



[Sn] Snaith, V.P.: Stiefel-Whitney classes of bilinear forms - a formula of Serre. Can. Bull. Math. 28(1985), 
no. 2, 218-222. 

[Sw] Sweedler, M.: Hopf Algebras. W.A. Benjamin, New York, 1969. 

[W] Waterhouse, W.C.: Introduction to Affine Group Schemes. Springer- Verlag, New- York, 1979. 

philippe.cassou-nogues@math.u-bordeauxl.fr 

ted@math.upenn.edu 

baptiste . morin@math. u-bordeauxl . fr 

martin.taylor@merton.ox.ac.uk 



